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Exercises: week # 5
1. Calculate, if a > 0 Fourier transform fˆ(s) of
f(t) =
{
1 |x| < a
0 |x| > a
2. Calculate Fourier transform fˆ(s) of
f(t) =
{
1− t2 |t| < 1
0 |t| > 1
3. Calculate Fourier transform fˆ(s) of f(t) = e−2|t|
4. Terminate the alternative calculus of the Fourier transform of f(t) = e−pit
2
fˆ(s) =
∫ ∞
−∞
e−2piiste−pit
2
dt =
∫ ∞
−∞
e−2piist−pit
2
dt
= e−pis
2
∫ ∞
−∞
e−pi(−s
2+2ist+t2)dt
= e−pis
2
∫ ∞
−∞
e−pi((is)
2+2ist+t2)dt . . .
5. Evaluate convolution (f ? f)(t) if f(t) = te−t
2
6. Solve the initial value problem for the heat equation:{
ut = uxx x ∈ R, t > 0
u(x, 0) = x sinx x ∈ R
7. Solve the initial value problem for the heat equation:{
ut = uxx x ∈ R, t > 0
u(x, 0) = xex x ∈ R
8. Solve the initial value problem for the parabolic equation:{
ut = uxx + ux + u x ∈ R, t > 0
u(x, 0) = x x ∈ R
Solutions
1. fˆ(s) =
∫ a
−a
e−2piistdt =
sin(2pias)
pis
2. fˆ(s) =
∫ 1
−1
(1− t2)e−2piistdt = sin(2pis)− 2pis cos(2pis)
2pi3s3
3. fˆ(s) =
∫ ∞
−∞
e−2|t|e−2piistdt = 2
∫ ∞
0
e−2t cos(2pist)dt =
1
2pi2s2 + 2
4. fˆ(s) =
∫ ∞
−∞
e−2piiste−pit
2
dt = e−pis
2
∫ ∞
−∞
e−pi(t+is)
2
dt = e−pis
2
5. (f ? f)(t) =
√
pi
2
(t2 − 1)e
−t2
4
see lesson 15 slides 7-11
6. We have
u(x, t) =
1√
pi
∫ +∞
−∞
e−s
2
(x+ 2s
√
t) sin(x+ 2s
√
t)ds
=
1√
pi
∫ +∞
−∞
e−s
2
(x+ 2s
√
t)
[
sinx cos(2s
√
t) + sin(2s
√
t) cosx)
]
ds
1
Notice that e−s
2
s cos(2s
√
t) and e−s
2
sin(2s
√
t) are odd functions so that
u(x, t) =
1√
pi
∫ +∞
−∞
e−s
2
(x sinx cos(2s
√
t) + 2s
√
t sin(2s
√
t) cosx)ds
=
x sinx√
pi
∫ +∞
−∞
e−s
2
cos(2s
√
t)ds+
√
t cosx√
pi
∫ +∞
−∞
2se−s
2
sin(2s
√
t)ds
=
x sinx√
pi
e−t
√
pi +
√
t cosx√
pi
2
√
pie−t
√
t
= e−tx sinx+ 2te−t cosx
7. We have
u(x, t) =
1√
pi
∫ +∞
−∞
e−s
2
(x+ 2s
√
t)e(x+2s
√
t)ds
=
xex√
pi
∫ +∞
−∞
e−s
2
e2s
√
tds+
√
tex√
pi
∫ +∞
−∞
2se−s
2
e2s
√
tds
= xet+x + 2tet+x
8. Solution is u(x, t) = (t+ x)et see lesson 15 slides 28-39
2
